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Many years ago, Veselago showed that left-handed materials
(LHM) possess a number of peculiar properties, including negative
refraction for interface scattering, inverse light pressure, and re-
verse Doppler and Vavilov–Cherenkov effects [1]. These properties
were demonstrated only recently [2–4]. Considering that any fu-
ture effort in creating tunable structures where the electromag-
netic ﬁeld intensity changes the transmission properties of the
composite structure would require the knowledge of nonlinear
properties of such materials, Zharov et al. analyze nonlinear prop-
erties of LHM for the ﬁrst time [5]. Furthermore, some scientists
have shown that for an isotropic, homogeneous, quasi-one-dimen-
sional LHM, Maxwell’s equations with nonlinear constitutive rela-
tions lead to a system of coupled nonlinear Schödinger equation
(CNLS) for envelopes of the propagating electric and magnetic
ﬁelds [6]. For the quasi-one-dimensional LHM, the CNLS can be gi-
ven as following ﬁnally
i
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where rp,rq are determined by properties of LHM and the fre-
quency of electromagnetic. P and Q represent electronic and mag-
netic ﬁelds respectively, z and t are normalized propagationysics Laboratory, Institute of
jing 100088, China.
-NC-ND license.distance and retarded time, respectively. When rp = rq = r, it will
become the well-known Manakov model [7–9]. When r > 0, it cor-
responds to focusing behavior and anomalous dispersion ﬁbers, and
r < 0 corresponds to defocusing behavior and normal dispersion
ﬁbers.
On the other hand, the study of CNLS equation is of considerable
current interest in other diverse areas of science like nonlinear op-
tics, optical communication, Bose-Einstein condensates (BEC), and
plasma physics [10–13].
In this paper, we ﬁnd there are many kinds of solitons and
Akhmediev breathers, such as Bright–Dark with Akhmediev
breather(B–DAB), Bright with Akhmediev breathers-Dark with
Akhmediev breather(BAB–DAB), Akhmediev breathers-Akhmediev
breathers(AB–AB), could exist on nontrivial background for the
coupled system, except for Bright–Bright(B–B) and Bright–
Dark(B–D) ones [13]. As far as we know, it is the ﬁrst time to ob-
serve the collision between different kinds of solitons theoretically,
such as bright one with AB one, dark soliton with ABs. Moreover,
We report that hard-wall like reﬂection effect between them are
observed theoretically. Interestingly, one dark soliton (AB) can col-
lide with an AB and then merge into one dark soliton (AB). All of
these phenomena cannot exist in uncoupled system.2. The generic solution and novel phenomena
2.1. The method and solution
The Eq. (1) has been solved to get soliton solution on trivial back-
ground through Horita bilinear method in [13]. Performing Dar-
boux-transformation from trivial seed solution, the backgrounds
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been studied well in [14]. It has been reported that solitons could
collide inelastically and there are shape-changing collision for cou-
pled system, which are different from uncoupled system [13]. How-
ever, it is not possible to study B–D soliton on the trivial
background. Additionally, it is well known that AB could exist on
nontrivial background for uncoupled system. What could happen
on the nontrivial background for coupled system? Nextly, we will
solve it from the nontrivial seed solution
P0ðt; zÞ ¼ s1 exp i 2rps21 þ 2rqs22
 
z
 
;
Q0ðt; zÞ ¼ s2 exp i 2rps21 þ 2rqs22
 
z
 
;
where s1 and s2 are two arbitrary real constants, and denote the
backgrounds in which solitons exist. With k = k1 = a1 + ib1, we can
solve the Lax-pair [16] to get U1, U2, U3 as
U1ðt; zÞ ¼ U02 þU03
U2ðt; zÞ ¼
ﬃﬃﬃﬃﬃ
rq
p
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z
 Fig. 1. The density plot of B–D soliton in coupled system. (a) for one Bright solitons in ele
It is shown that the B–D soliton could evolve stably on nontrivial background in the c
A1 = A2 = A3 = 1.
Fig. 2. The density plot of B–DAB solitons in coupled system. (a) for one Bright soliton in
hard wall by the AB in the magnetic ﬁeld. (b) for one Dark and an AB in magnetic ﬁeld Q.
are a1 = 0,b1 = 1,rp = 0.25, rq = 0.5, s1 = 0, s2 = 1, A1 = A2 = A3 = 1.where
U01ðt; zÞ ¼ A1 exp s1t þ is21zþ 2k1s1z=3

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2:
Between these expressions, the parameters a1, b1, and
Aj(j = 1,2,3) are all real numbers which relate with the initial con-
dition of soliton or AB, such as initial coordinate, initial velocity,
and initial shape. Then, one can perform the following Darboux
transformation to get soliton solution of Eq. (1)
P1 ¼ P0  1ﬃﬃﬃﬃﬃrpp
iðk kÞu
1þ juj2 þ jvj2
;
Q1 ¼ Q0 
1ﬃﬃﬃﬃﬃrqp
iðk kÞv
1þ juj2 þ jvj2
;
ð2Þctronic ﬁeld, denoted by P1; (b) for one Dark soliton in magnetic ﬁeld, denoted by Q1.
oupled system. The coefﬁcients are a1 = 0, b1 = 1, rp = 0.25, rq = 0.25, s1 = 0, s2 = 1,
electronic ﬁeld P. It is seen that the bright soliton in the electric ﬁeld is reﬂected like
The dark soliton is reﬂected well by the AB too in the magnetic ﬁeld. The coefﬁcients
Fig. 3. The density plot of whole density in coupled system, which could be seen as
results of Fig. 2a plus Fig. 2b. It is seen that one Bright soliton and an AB exist and
hard-wall like refection between them happens. The explicit coefﬁcients are the
same to Fig. 2.
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U3
U1
. This is a generic solution which can be
used to study the properties of B–D solitons, AB–AB solitons, B–
AB solitons, and D–AB solitons for electric and magnetic ﬁelds in
LHM. To get B–B solitons, it is much easier to solve the Lax-pair
from trivial seed solution, namely, P0 = Q0 = 0.2.2. Some interesting phenomena
Based on the generic solution, it is more convenient to study on
soliton dynamics on kinds of nontrivial backgrounds for the coupled
system. We ﬁnd that there are much more abundant soliton or ABsFig. 4. The density plot of B–DAB solitons in the coupled system (a) for one Bright soliton
dark soliton collides with AB inelastically, and merges into one stable dark soliton in (b
Fig. 5. The density plot of BAB–DAB solitons in the coupled system (a) for one Bright and
coefﬁcients are a1 = 0, b1 = 2.65, rp = 0.25, rq = 0.35, s1 = 1, s2 = 2, A1 = 1, A2 = 4, A3 = 3.with kinds of structures on nontrivial background than the ones
on the trivial background. Nextly, wewill present themparticularly.
When s1 = 0, s2– 0, and a1 = 0, with the certain parameters in
Fig. 1, the B–D solitons could exist, such as Fig. 1. For the electronic
ﬁeld, there is a Bright soliton existing on a trivial background,
shown in Fig. 1a. Correspondingly, there is a Dark soliton evolving
on a constant background, shown in Fig. 1b. It is seen that both of
them evolve stably. Similar coupled nonlinear equation can de-
scribe solitons in multi-component BECs, and the similar Bright–
Dark solitons phenomena have been observed in two-component
BEC system [15]. Changing the parameters in Fig. 1, one can ob-
serve some interesting reﬂection effects in the coupled system.
Particularly, Fig. 2a shows that there are bright solitons in one
component reﬂected by the other one’s density distribution. Con-
sidering that the density distribution of the magnetic ﬁeld could
be seen as nonlinear refractive index distribution for solitons in
the electronic ﬁeld, it is not hard to understand the refection effect.
Correspondingly, one can observe a dark soliton reﬂected from the
AB soliton which appears around z = 0 in Fig. 2b. The reﬂecting col-
lisions happen between solitons with different structures. Under
the parameter condition in Fig. 2, there are B–DAB solitons existing
in the coupled system. As far as we know, it is the ﬁrst time to ob-
serve dark soliton and AB’ s collision. Moreover, the whole density
evolution could be shown in Fig. 3 by calculating jP1j2 + jQ1j2,
which corresponds to Fig. 2a and b. It is seen that one bright soliton
is reﬂected back by the AB, which is the collision between Bright
soliton and AB. Considering Becker et al. have observe dark soliton
collide with the B–D soliton in BEC [15], it is believed there are
some possibilities to observe the refection collision presented here.
When s1 = 0, s2– 0, and a1– 0, we observe that one dark soliton
collides with an AB, and then merges into a dark one in thein electronic ﬁeld P; (b) for a Dark and an AB in magnetic ﬁeld Q. It is shown that one
). The coefﬁcients are a1 = 0.5 and other parameters are the same with Fig. 2.
an AB soliton in electronic ﬁeld P; (b) for one Dark and an AB in magnetic ﬁeld Q. The
Fig. 6. The density plot of AB–AB in magnetic ﬁeld, denoted by Q1. (a) An AB is reﬂected well by the other one which emerges at t = 0, with a1 = 0. (b) Two ABs collide
inelastically and merge into one AB, with a1 = 0.5. The other parameters are b1 = 1, rp = 0.25, rq = 0.25, s1 = 1, s2 = 1;A1 = A2 = A3 = 1.
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which character is different from the collision for uncoupled sys-
tem too [17,18]. It is well known that ABs are periodically oscillat-
ing with time on the nontrivial background for modulation
instability. Then, in the coupled system, we ﬁnd some ways to
manipulate an AB to be a dark soliton through setting a proper dark
soliton to collide with the AB, such as the ones in Fig. 4b. Maybe
this is very useful for some application ﬁelds.
When s1– 0 and s2– 0, there are many kinds of different soli-
tons and AB appearing in the coupled system. In the nontrivial
background, dark soliton or bright soliton with neighboring AB
(DAB–BAB) could exist. Fig. 5 shows that there are bright solitons
with neighboring AB solitons in the electric ﬁeld and dark soliton
with a neighboring AB in the magnetic component. Besides this,
AB–AB could exist too. The hard-wall like reﬂection between AB
and AB can be observed, just as Fig. 6a. Two ABs could collide ine-
lastically and then merge into one AB, shown in Fig. 6b. In Fig. 6, we
just show the density evolution of solitons in the magnetic ﬁeld,
and the dynamics is similar for solitons in the electric ﬁeld.
3. Discussion and conclusion
It should be pointed that Eq. (1) has been solved to get soliton
solution on trivial background through the Horita bilinear method
in [13]. Different from them, we solve it on nontrivial background
through Darboux-transformation method. In summary, we ﬁnd
that B–B, B–D, B–DAB, AB–AB, and BAB–DAB solitons could exist
in the coupled system which could be used to describe electromag-
netic wave propagating in nonlinear Left-handed materials. Hard-
wall like reﬂections between Dark, Bright or AB soliton with AB
are observed theoretically here. Inelastic collisions for dark, bright,
AB with AB could exist under some certain conditions. These char-
acters could be used to design optical switches. However, there are
still some open questions: how many kinds of solitons could exist
in the coupled systems? Under which condition could they exist or
be observed? In this paper, we could not ﬁnd the answer and just
report the novel character of soliton. We will research further on
this direction in future works. Additionally, just as shown in [14],
there should be some transformation existed which could connect
nonautonomous coupled system with the coupled autonomous
one. We expect that similar dynamics of soliton and AB should ex-
ist in the nonautonomous coupled system.
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